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�
Objective

Simulatethebehaviour of asystemof rigid bodiessubjectto contact,
friction andjoint constraintswith

� (generalized)positionsq.

� (generalized)velocitiesv.

� massM (q) (positivede�nite),

� subjectto externalforcek(t; q; v).

2



F n

t1

t2

At contact

�

�

�

�Contact and (Coulomb) Friction Model

� NoninterpenetrationConstraints�( q) � 0 complementaryto cn � 0
(normalimpulse/force).

� Tangentspacegenerators: bD(q) =
�
bt1(q); bt2(q)

�
, tangentforce

multipliers: � 2 R2. Tangentforce/impulsebecomesbD(q)� .

� Conicconstraints: jj� jj � �c n , where� is thefriction coef�cient.

� Max DissipationConstraints: � = argminjj b� jj � �c n
vT bD(q) b� .
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�AccelerationFormulation

M (q)
d2q
dt2

�
mX

i =1

� ( i ) c( i )
� �

pX

j =1

�
n( j ) (q)c( j )

n + D ( j ) (q)� ( j )
�

= k(t; q;
dq
dt

)

� ( i ) (q) = 0; i = 1 : : : m

� ( j ) (q) � 0; compl. to c( j )
n � 0; j = 1 : : : p

� = argminb� ( j ) vT D (q)( j ) b� ( j ) subject to
�
�
�
�
�
� b� ( j )

�
�
�
�
�
� � � ( j ) c( j )

n ; j = 1 : : : p

Here� ( i ) = r � ( i ) , n( j ) = r � ( j ) .

It is known thattheseproblemsdonothaveaclassicalsolutionevenin 2
dimensions,wherethediscretizedconecoincideswith thetotal cone.
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�
Time-steppingscheme

UseEulermethod,half-explicit in velocities,linearizingthegeometrical
constraints.Fundamentalvariables:velocitiesandimpulses(h � force).

M (vl +1 � v( l ) ) �
mX

i =1

� ( i ) c( i )
� �

X

j 2A

(n( j ) c( j )
n + D (j ) � ( j ) ) = hk

� ( i )T
vl +1 = 0; i = 1::m

� ( j ) = n( j )T
vl +1 � 0; compl. to c( j )

n � 0; j 2 A

� ( j ) = � ( j ) e( j ) + D (j )T vl +1 � 0; compl. to � ( j ) � 0; j 2 A

� ( j ) = � ( j ) c( j )
n � e( j )T

� ( j ) � 0; compl. to � ( j ) � 0; j 2 A :

Here� ( i ) = r � ( i ) , n( j ) = r � ( j ) . h is thetimestep.ThesetA consists
of the activeconstraints.(AnitescuandPotra,1997)basedon (Stewart
andTrinkle, 1996),
Thetime-steppingschemehasasolutionalthoughthe
classicalformulationdoesn't!
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�DiscretizedFriction Model

� di ( GC ) is the column cor-
responding to t(� i ), � i 2
[0; � ], i = 1; 2; : : : ; l , D (q) =
[d1; d2; :::dl ].

� To eachtangentialdirectionwe
attach a force � i � 0, i =
1; 2; : : : ; l . We denoteby � =
(� 1; � 2; : : : ; � l ).

� The frictional constraintsbe-
come

Polygonalconeapproximationto
theCoulombcone( 3D).

� = argminb� � 0vT D(q) b� subjectto
�
�
�
�
�
� b�

�
�
�
�
�
�
1

� �c n :
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Matrix Form of the Integration Step
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�The needfor constraint stabilization

Thepositionsareupdatedby q(l +1) = q( l ) + hl v( l +1) .

Dueto theindex reduction, the(geometrical)joint andnon
interpenetrationconstraints,whichde�ne thefeasibleset

F =
n

q
�
�
� � ( i ) (q) = 0; 1 � i � m; � ( j ) (q) � 0; 1 � j � ntotal

o

arereplacedby constraintsat thevelocity level.

Thismaycreateconstraintdrift, in which theconstraintinfeasibility
keepsgrowing. In interactivesimulationthis is particulatlyannoying,
sincegeometricalinconsistency is easyto notice.
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Exampleof constraint drift
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Infeasibility for projected velocity method
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Infeasibility for the linearization method

time

Comparisonof constrainterrortheoriginalmethodandmodi�ed method
(to bepresentedlater)for apendulumexample. Ratioof infeasibilities
getsto about103!
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Preventing constraint drift

� Changetheapproachto anonlinearandpotentiallynonconvex
optimizationproblem.

� PerformanonlinearprojectionaftereachLCP(andeventually
preservingthegoodenergy properties(AnitescuandPotra2002)). If
thereis no friction theprojectionmaybemorecostlythantheLCP.

� Perform onestepof anSQPappliedto thenonlinearprojection
problem(ClineandPai, 2003). NeedsanadditionalQuadratic
Program/step.Extensionof (Ascher, Chin,Reich1994)from DAE.

� Modify theright handsideof theLCPwith anappropriatefunction
of theinfeasibility (parameter-free,(Jean,1999,w/oanalysis)andthis
work, (AnitescuandHart02))and(Miller andChristiansen02)and
(Anitescu,Miller andHart03). Thisapproachusesnoadditional
subproblemsor projections.
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Stabilized time-steppingscheme

M (vl +1 � v( l ) ) �
mX

i =1

� ( i ) c( i )
� �

X

j 2A

(n( j ) c( j )
n + D (j ) � ( j ) ) = hk

� ( i )T
vl +1 +

� ( i ) (q( l ) )
hl

= 0; i = 1; : : : ; m

n(j )T
vl +1 +

� ( j ) (q( l ) )
hl

�
�

� ( j ) � ( j )
�

� 0; compl. to c( j )
n � 0; j 2 A

� ( j ) e( j ) + D (j )T vl +1 � 0; compl. to � ( j ) � 0; j 2 A

� ( j ) c( j )
n � e( j )T

� ( j ) � 0; compl. to � ( j ) � 0; j 2 A :

Recall,� ( i ) = r � ( i ) , n( j ) = r � ( j ) , q( l +1) = q( l ) + hv( l +1) .

The term
�
� � ( j ) � ( j )

�
corespondsto the convex relaxationalgorithmpro-

posedby (AnitescuandHart,2002). Stabilizationworksw or w/o it.
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Why doesit work?

Considertheonecontactcasewhereweenforcetheconstraintby a
penalty(smoothingmethod).

� (1) (q) � 0 enforcedby penaltyforce � (1) (q) = 
 (1)
�

� ( j )
� (q)

� 2

where
 (1) is avery largeparameter. Dynamicsbecomes

dq
dt = v:

M dv
dt = k(t; q; v) + � (1) (q)r q� (1) (q):

Apply backwardEuler, where� (1) (q( l +1) ) is replacedby its linearization

� (1) (q( l +1) ) � � (1) (q( l ) ) + hl r q� (1) (q( l ) )T v( l +1)

Take thelimit astimestephl is �x edand
 (1) ! 1 and....
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Why doesit work (2)?

... weobtain:

q( l +1) = q( l ) + hl v( l +1) :

M v( l +1) � v ( l )

h l
= k(t ( l ) ; q( l ) ; v( l ) ) +

P m
j =1 c( j ) ;( l +1) r q� ( j ) (q( l +1) )

0 � c( j ) ;( l +1) ? � ( j ) (q( l ) ) + hl r �( q( l ) )T v( l +1)

which is preciselyourscheme.
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Assumption: pointed friction coneassumption

Frictioncone:setof all possibleconstraintreactionimpulses:

F C(q) =
n

t = ~� c� + ~ncn + ~D ~�
�
�
�cn � 0; ~� � 0;

�
�
�
�
�
� � ( j )

�
�
�
�
�
�
1

� � ( j ) c( j )
n ; 8j 2 A

o

� De�nition (PangandStewart1999)F C(q) is pointedif

0 = ~� c� + ~ncn + ~D ~� 2 F C(q); cn � 0; ~� � 0 )
�

c� ; cn ; ~�
�

= 0

� Thisassumptionis essentialin ensuringconvergenceto adifferential
inclusionsashl ! 0 (Stewart2000)andsolvability of time-stepping
schemeundermoregeneralconditions(PangandStewart1999).

� Thisassumptionimpliesthatthecon�gurationis disassemblableatq
(Anitescu,CremerandPotra1995).
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Main Result: assumptionsand setup

� De�nition: TheactivesetA =
�

j j1 � j � n; � ( j ) (q( l ) ) � �̂
	

.

� Thefriction coneis uniformly pointedfor all con�gurations.

� Thegeometricaldataof theproblem,aretwice continouslydiffer-
entiable in aneighborhoodof thefeasiblesetF.

� Theexternalforceincreasesatmostlinearly in positionandvelocity.

� Theratiobetweensuccesive timestepsis uniformly lowerbounded
hl

h l � 1
� 1

ch

� Themassmatrix is constant(Newton-Eulerbodycoordinates).

� Thereis no initial infeasibilityandthecoef�cient of restitutionis 0.
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�Main result,continued

Thenfor any �x edtime interval T, thereexistsanH > 0, andaV > 0
andC > 0 suchthatif hl < H , 8l , wehave that

1. v( l ) � V , 8l .

2. If j =2 A then� ( j ) (q( l +1) ) � 0.

3. Theinfeasibility, de�ned as

I (q) = max
1� i � m; 1� j � n total

n
0;

�
�
� � ( i ) (q)

�
�
� ; � ( j ) (q)

o

satis�esI (q( l +1) ) � C
�
�
�
�hl v( l +1)

�
�
�
�2

, 8l .

a) Thelastconclusiondemonstratesconstraintstabilization.

b) H = 1 if geometricaldatahasuniformly boundedsecondderiva-
tives.
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�Main technical tool

minv
1
2 vT M (l ) v + bk( l )T

v

subjectto n( j )T
v + � ( j ) d( j )T

i v � � � ( j ) � � ( j ) (q ( l ) )
h l

i = 1; 2; : : : ; m(j )
C ; j 2 A

� ( i )T
v = � � ( i ) (q ( l ) )

h l
; i = 1; 2; : : : ; m:

� Thesolutionof theLCPfor boththeoriginalandconvex relaxation
schemeis asolutionof thisQPfor some� ( j ) � 0, j 2 A andbk(l ) .

� TheQPsatis�esMFCQif andonly if thefriction coneis pointed.

� Thereexistsac > 0, suchthat,for all l ,

v( l +1) T
M (l ) v( l +1) � v( l ) M (l ) v( l ) + h2

l k( l ) M (l ) � 1k( l )

+ 2hl v( l )T
k( l ) + c

I (q( l ) )2

h2
l � 1

I (q( l +1) ) � ch2
l v2

l +1 ; if [q( l ) ; q( l +1) ] 2 N (F )
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Exampleof non differ entiability of the signeddistance

(x,y)

H
x

y

R

� Signeddistance:d12(q) = jyj � R � H
2 is notdifferentiable

everywhere!.

� It is, however, differentiableover thesetd12(q) � � � for any
� < R + H

2 . . WeareOK if theinfeasibility is not too large.
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Elliptic body simulation

-8 -6 -4 -2 0 2 4 6 8
0
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14

16
Ellipse Simulation

Wepresenttenframesof thesimulationof anelliptic bodythatis dropped
on thetable.Thereis aninitial angularvelocityof 3, thebodyhasaxes4
and8 andis droppedfrom aheightof 8.
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Infeasibility behavior unstabilizedversusstabilizedmetod
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Weseethatdrift becomescatastrophicfor theunstabilizedmethod,
whereasremainsin anarrow rangefor thestabilizedmethod.
Constraintstabilizationis accomplished!
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Infeasibility comparisonfor 21body simulation
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21disksof radius3 onaplankstartingfrom thecannoballarrangementat
rest.Stabilizedmethodstill hasamuchlower infeasibility. Thetime-step
is 50ms,andtheLCP is solvedin atmost30msateverystep.
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�Brazil nut effectsimulation

� Timestepof 100ms,for 50s.270bodies.

� Convex RelaxationMethod. OneQP/step. No collisionbacktrack.

� Friction is 0:5, restitutioncoef�cient is 0:5.

� Largeball emergesafterabout40shakes.Resultsin thesameorder
of magnitudeasMD simulations(but with 4 ordersof magnitude
largertimestep).
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Brazil nut effectsimulationsperformance
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�Conclusionsand futur ework

� Wede�ne amethodthatachievesconstraintstabilizationwhile
solvingonly linearcomplementarityproblemperstep.

� Ourmethoddoesnotneedto stopanddetectcollisionsexplicitly and
canadvancewith aconstanttimestepandpredictableamountof
effort perstep.

� Themethodhasbeenextendedto aparametricversionthatis usedin
a roboticgraspsimulator(Miller andChristiansen,2002)and
(Anitescu,Miller andHart,2003).

� Futurework: Nonsmoothparticlesandstabilizationproof for
nonzerocoef�cient of restitution.FastQPSolver. Convergencefor
relaxationschemeash ! 0?
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